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Fractal Measures

ô

Number Theory

Two open problems
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1) Bernoulli Convolutions: Random Power Series
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Bernoulli Convolutions

§ λ P p0, 1q

§ Consider

Yλ “

8
ÿ

i“0

λiXi “ X0 ` λX1 ` λ2X2 ` . . . ,

where X0,X1,X2, . . . are independent random variables satisfying for
all i ě 0,

PrXi “ 1s “ PrXi “ ´1s “
1

2
.

§ The Bernoulli convolution νλ of parameter λ is the law of Yλ, i.e.
for A Ă R,

νλpAq “ PrYλ P As.
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Bernoulli Convolutions

§ dim νλ “ inftdimHpAq : νλpAq ą 0u

§ Exercise: If λ P p0, 1
2 q, dim νλ ă 1.

§ Exercise: If λ “ 1
2 , νλ is the normalised Lebesgue measure on

r´2, 2s so dim νλ “ 1.

§ Hard: What happens when λ P p 1
2 , 1q?
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Bernoulli Convolutions

λ “ 0.53 λ “
?
5´1
2 « 0.61803

λ “ 0.65 λ “ 0.83
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Bernoulli Convolutions

Theorem (Erdős 1940 (while at IAS), Garsia 1962)
If λ´1 ‰ 2 is a Pisot number, then dim νλ ă 1.

§ Example:
?
5´1
2 . There are infinitely many such λ in p 1

2 , 1q.
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Bernoulli Convolutions

Theorem (Hochman 2014 + Varjú 2019)
For λ P p0, 1q,

dim νλ “ min

"

1,
hλ

log λ´1

*

for hλ “ lim
nÑ8

1

n
H

˜

n
ÿ

i“0

λiXi

¸

,

where H p¨q is the Shannon entropy.

§ If λ is transcendental, hλ “ log 2 and so dim νλ “ 1 if λ P p 1
2 , 1q.

§ Open problem: Estimate hλ to find all algebraic λ with dim νλ ă 1.
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2) Self-similar Measures
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§ Let g1, . . . , gk be contractive similarities of Rd , i.e. for x P Rd ,

gi pxq “ ρiUix ` bi

with ρi P p0, 1q,Ui P Opdq and bi P Rd .

§ Consider

µ “

k
ÿ

i“1

piδgi .
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§ A self-similar measure ν is a stationary measure for

µ “

k
ÿ

i“1

piδgi ,

i.e. the unique probability measure ν satisfying

µ ˚ ν “ ν.
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∆n “ mintdpg , hq : g , h P supppµ˚nq with g ‰ hu

Theorem (Hochman 2017)
Dimension formula for ν if there is c ą 0 such that

∆n ě e´cn for infinitely many n ě 1. (1)

Fact
If gi P G pQq there is c ą 0 such that ∆n ě e´cn for all n ě 1.

Conjecture
(1) always holds.
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Thank you for your attention
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