The Dimension of Fractal Measures
Results and Open Problems

Constantin Kogler

25th September 2025

1/13



Fractal Measures
=

Number Theory

Two open problems
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1) Bernoulli Convolutions: Random Power Series
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Bernoulli Convolutions

» Ae (0,1)
» Consider
CX} .
Ya= D NXi = X0+ AXg + XXe + ..,
i=0
where Xy, X1, Xz, ... are independent random variables satisfying for
all i =0, .
PX; =1] =P[X; = —-1] = >
» The Bernoulli convolution v, of parameter ) is the law of Y, i.e.
for Ac R,

V)\(A) = P[Y,\ € A]
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Bernoulli Convolutions

» dimvy = inf{dimy(A) : vA(A) > 0}

> Exercise: If A e ( 1), dimyy < 1.

v

Exercise: If A = %, v, is the normalised Lebesgue measure on
[—2,2] so dim u,\ =1

v

Hard: What happens when \ € (% 1)?
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[li Convolutions

Bernou



Bernoulli Convolutions

Theorem (Erdds 1940 (while at 1AS), Garsia 1962)

If\~1 # 2 is a Pisot number, then dimvy < 1.

» Example: \/52_1. There are infinitely many such X in (%, 1).
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Bernoulli Convolutions

Theorem (Hochman 2014 + Varji 2019)
For A e (0,1),

h 1 no
dim vy = min {1, k)gj\l} for  hy= lim ~H (Z XX,-) 7

where H () is the Shannon entropy.

> If A is transcendental, hy = log2 and so dimvy, = 1 if A€ (3,1).
» Open problem: Estimate h) to find all algebraic A with dimv, < 1.
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2) Self-similar Measures
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> Let g1,...,8% be contractive similarities of R, ie. for x € R,
gi(x) = piUix + b;

with pi € (07 1), U; e O(d) and b; € RY.

> Consider

k
w= Z piég,'-
i=1
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> A self-similar measure v is a stationary measure for

k
=" pibe,
i=1

i.e. the unique probability measure v satisfying

WEV=U.
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A, =min{d(g,h) : g, hesupp(p*") with g # h}

Theorem (Hochman 2017)

Dimension formula for v if there is ¢ > 0 such that

A, =ze @ for infinitely many n = 1. (1)

Fact
If gi € G(Q) there is ¢ > 0 such that A, > e~ " for all n > 1.

Conjecture
(1) always holds.
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Thank you for your attention
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