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Plan for talk:

1. Introduction

2. Dimension Results
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Introduction
§ A similarity is a map g : Rd Ñ Rd such that Dρ ą 0 satisfying

||gpxq ´ gpyq||2 “ ρ ¨ ||x ´ y ||2

for all x , y P Rd .

§ Every similarity g : Rd Ñ Rd can be written as

gpxq “ ρUx ` b

for all x P Rd with ρ P Rą0,U P Opdq and b P Rd .
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Introduction

§ Fix a probability measure supported on finitely many similarities

µ “

ℓ
ÿ

i“1

piδgi for gi pxq “ ρiUix ` bi

with ρi P Rą0,Ui P Opdq and bi P Rd .

§ The Lyapunov exponent of µ is defined as

χµ “ Eg„µrlog ρpgqs “

ℓ
ÿ

i“1

pi log ρi .

§ µ contracting on average if χµ ă 0.

§ µ contracting if ρi P p0, 1q for all i
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Introduction

§ If χµ ă 0, then there exists a probability measure ν on Rd such that

µ˚n ˚ δx0 Ñ ν

for all x0 P Rd .

§ ν is called the self-similar measure of µ.

§ ν is also the unique µ-stationary probability measure on Rd , that is

µ ˚ ν “

ℓ
ÿ

i“1

pigiν “ ν.

§ When µ is contracting, K “ supppνq is compact and it holds that

K “
ď

gPsupppµq

gpK q. (1)
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Images of Self-Similar Sets
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Introduction

Main questions in the area:

§ What is the dim ν?
It is known by Feng-Hu 2009 and Feng 2023 that

νpBr pxqq “ rdim ν`oν,x p1q

for ν-almost all x P Rd .

§ Is ν absolutely continuous, i.e. is there f P L1pRdq such that

dν “ f dvolRd
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Dimension Results

§ The random walk entropy is defined as

hµ “ lim
nÑ8

1

n
Hpµ˚nq “ inf

ně1

1

n
Hpµ˚nq,

where Hp¨q is the Shannon entropy.

§ When the support of µ generates a free semi-group, then

hµ “ Hpµq “ ´

ℓ
ÿ

i“1

pi log pi .

§ Fact:

dim ν ď min

"

d ,
hµ

|χµ|

*

.
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Dimension Results

Recall that ρi P Rą0,Ui P Opdq and bi P Rd and

µ “

ℓ
ÿ

i“1

piδgi with gi pxq “ ρiUix ` bi .

For the remainder of this talk assume:

1. U1, . . . ,Uℓ acts irreducibly on Rd , i.e. there are no invariant
subspaces other than t0u and Rd .

2. The gi do not have a common fixed point.

Conjecture (Generalised exact overlaps conjecture)

Under these assumptions,

dim ν “ min

"

d ,
hµ

|χµ|

*

. (2)
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Dimension Results

§ Write

Mn “ min

#

dpg , hq : for g , h P

n
ď

i“1

supppµ˚i q with g ‰ h

+

.

for d a natural metric on the group of similarities.

§ Fact: If ρi ,Ui and bi all have algebraic coefficients, then for some
c ą 0 we have

Mn ě e´cn for all n ě 1

10 / 19



Dimension Results

Theorem (Hochman 2014, 2017)

Assume µ is contracting. Then dim ν “ min
!

d ,
hµ

|χµ|

)

holds if there

exists c ą 0 such that
Mn ě e´cn

for infinitely many n.

Theorem (Kittle-Kogler 2025)

Assume χµ ă 0. Then dim ν “ min
!

d ,
hµ

|χµ|

)

holds if either:

1. There exists c ą 0 such that Mn ě e´cn for infinitely many n.

2. For all sufficiently large n,

logMn ě ´n expplogpnq1{4q.
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Application: Complex Bernoulli Convolutions

§ Let λ P C with |λ| ă 1.

§ Consider

Yλ “

8
ÿ

i“0

λiXi “ X0 ` λX1 ` λ2X2 ` . . . ,

where X0,X1,X2, . . . are independent random variables satisfying for
all i ě 0,

PrXi “ 1s “ PrXi “ ´1s “
1

2
.

§ The Bernoulli convolution νλ of parameter λ is the law of Yλ, i.e.
for A Ă C,

νλpAq “ PrYλ P As.

§ When λ P R, then νλ is a probability measure on R.
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Images of Real Bernoulli Convolutions

λ “ 0.53 λ “
?
5´1
2 « 0.61803

λ “ 0.65 λ “ 0.83
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Application: Complex Bernoulli Convolutions

Theorem (Hochman 2014 + Varjú 2019)

The generalised exact overlaps conjecture holds for real Bernoulli
convolutions.

Theorem (Kittle-Kogler 2026)

The generalised exact overlaps conjecture holds for complex Bernoulli
convolutions.
In particular, if λ P CzR is a transcendental number with |λ| ă 1. Then

dim νλ “ min

"

2,
log 2

log |λ|´1

*

.

In particular, dim νλ “ 2 when additionally |λ| P r2´1{2, 1q.
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Results on Absolute Continuity

Conjecture

ν is absolutely continuous if
hµ

|χµ|
ą d .

§ Write Sn “ ´ 1
n logMn and Sµ “ lim supnÑ8 Sn.

Theorem (Kittle-Kogler 2024)

Fix pU1, . . . ,Uℓq and pp1, . . . , pℓq and assume ρi P p0, 1q for all i . Then
there exists a constant C such that ν is absolutely continuous if

hµ
|χµ|

ą C

ˆ

max

"

1, log
Sµ
hµ

*˙2

.

§ Fact: If all of the coefficients of ρi ,Ui , bi lie in a number field K and
have logarithmic height ď L, then Sµ !d L ¨ rK : Qs.

§ C can be made uniform for perturbations of the Ui .
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Results on Absolute Continuity
§ Corollary: Let d ě 1 and fix Ui and bi with algebraic entries. Then
ν is absolutely continuous if for sufficiently large primes q and

gi pxq “
q

q ` i
Uix ` bi .

§ We get a similar result when χµ ă 0 under some additional
assumption. For example, we can show that in d “ 1 that when

g1pxq “
n

n ` 1
x and g2pxq “

n ` 1

n
x ` 1,

then the self-similar measure of 4
5δg1 ` 1

5δg2 is absolutely continuous
for sufficiently large n ě 1.

§ Corollary: Strengthening of Varjú’s result for Bernoulli convolutions.
For example, there is an absolute constant c ą 0 such that ν is
absolutely continuous if

λ “ 1 ´
p

q
and p ď c

q

plog log qq2
.

§ Analogous result for complex Bernoulli convolutions.
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Results on Absolute Continuity

Our theorem also implies the following version of the main result of
Lindenstrauss-Varjú:

Theorem (Lindenstrauss-Varjú 2016)

Let d ě 3 and fix pU1, . . . ,Uℓq and pp1, . . . , pℓq. Assume that U1, . . . ,Uℓ

generates a dense subgroup of SOpdq and all entries are algebraic.
Then there exists ρ̃ P p0, 1q depending on Ui and pi such that ν is
absolutely continuous if

ρi P pρ̃, 1q for all 1 ď i ď ℓ.

§ In Lindenstrauss-Varjú, ρ̃ depends on the L2pSOpdqq spectral gap of
the Ui .

§ Our methods are softer: We get uniformity on perturbations of the
Ui and do not require that the Ui generate a dense subgroup, but
only a non virtually solvable one.
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Some comments on the proofs

Two methods, first introduced by Kittle in his work on absolutely
continuous Furstenberg measures:

1. Variance Summation Method: Decomposing

µ˚n ˚ δx0 into x0 ` X1 . . . ` Xn

and summing up variance contributions at various scales.

2. Detail of a Measure sr pνq (introduced by Kittle in 2021):

2.1 Tool to prove absolute continuity.
2.2 Behaves well under convolutions of measures.
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Thank you for your attention
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