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Goal of Talk

§ Kyoshi Ito’s first paper.

§ Show pictures of random walks on Lie groups.
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Context

§ Markov chains on finite state spaces have often stationary
distributions.

§ SDEs too.
For example the Ornstein-Uhlenbeck process

dXt “ ´θXtdt ` σdWt

has stationary distribution N p0, σ2{2θq.

§ But not always! dXt “ dWt is a pure Brownian motion.
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Random Walks on Groups

§ Consider group action G ñ X .

§ Let µ be a probability measure on G and let

Z1,Z2,Z3, . . .

be independent µ-distributed random variables on G .

§ For x0 P X consider
Yn,x0 “ Z1 ¨ ¨ ¨Zn.x0

§ We aim to understand

PrYn,x0 P Bs “ pµ˚n ˚ δx0qpBq

for subsets B Ă X .

§ Today: G Lie Group and µ finite support.
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1) Random Walks on Compact Groups
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Ito’s first paper

§ G compact topological group such as

finite groups, pR{Zqd , SOpdq, Zp, SLnpZpq, GalpQ{Qq.

§ Then D! Haar probability measure volG , i.e.

g˚volG “ volG

for all g P G .

§ Assume µ aperiodic probability measure on G , i.e. supppµq Ć gH
for g P G and H Ă G a proper closed subgroup of G .

§ Theorem (Ito-Kawada 1940) Then the Haar measure volG is the
unique µ-stationary measure, i.e. satisfying µ ˚ volG “ volG .
Moreover,

µ˚n Ñ volG

as n Ñ 8 in the vague topology.
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Random Walks on Compact Lie Groups
§ G compact simple Lie group with Haar probability measure volG .

§ Example: SOp3q “ tg P M3pRq : gT “ g´1 & detpgq “ 1u.

§ Conjecture: If supppµq generates a dense subgroup then

µ˚npBq “ volG pBq ` Oµ,Bpe´cnq.

§ Theorem (Bourgain-Gamburd 2008, Benoist-de Saxce 2015)
Conjecture holds if supppµq is in addition supported on matrices
with algebraic entries.
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2) Self-Affine Measures
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Self-Affine Measures
§ Consider contracting affine maps, that is maps gi : Rd Ñ Rd for
1 ď i ď ℓ given for x P Rd by

gi pxq “ Aix ` bi

with Ai P MnpRdq, bi P Rd and ||Ai || ă 1.

§ Let

µ “

ℓ
ÿ

i“1

piδgi ,

which is a probability measure on the Lie group of affine maps.

§ Then there exists a unique measure ν on Rd , called the self-affine
measure such that on Rd

µ ˚ ν “ ν.

§ Moreover, for any x0 P Rd ,

µ˚n ˚ δx0 Ñ ν.
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Self-Affine Measures

1. What is dim ν?

2. Is ν absolutely continuous, i.e. is there f P L1pRdq such that

ν “ f ¨ dvolRd .
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3) Local Limit Theorem on Symmetric Spaces
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Local Limit Theorem on Symmetric Spaces

§ Context: Local limit theorem on R. If LawpZi q is non-lattice (i.e.
not supported on αZ for α P R) and centered. Then
Yn “ Z1 ` . . . ` Zn satisfies

lim
nÑ8

?
n ¨ PrYn P ra, bss “ c ¨ pb ´ aq

for c ą 0 a constant depending only on LawpZi q.

§ SL2pRq “ tg P M2pRq : detpgq “ 1u.
SL2pRq is the isometry group of hyperbolic space.

§ Open Problem: Does a local limit theorem hold for SL2pRq?
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Local Limit Theorem on Symmetric Spaces

§ In some cases a local limit theorem is known:
(Bougerol 1982, Kogler 2022)

§ If supppµq is a probability measure on SL2pRq that satisfies some
assumptions then

lim
nÑ8

n3{2

σn
µ˚npBq “ νµpBq

for σ “ ||λG pµq||op ă 1 and νµ a measure on G .

§ The measure νµ is µ-stationary (µ ˚ νµ “ νµ) and not the Haar
measure.
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Thank you for your attention
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