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Introduction

Notation:
@ G C GL4(C) compact connected simple Lie group (e.g.
SU(d))
@ 1 symmetric probability measure on G

Definition

v is non-degenerate if [, = (supp(u)) is dense in G.

Example: For g1, 8 € G,

1
p= Z(ég1 + 0,1+ 0g +0,-1)-
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Introduction

@ Denote
No(p) i L2(G) — [2(G),  frs puxf.

o ()1 =1 and |A6(i)llop = 1.
o L3(G)={f € L2(G) : [ fdvolg =0}

Definition

1 has spectral gap if

1Ac ()] 2(6)llop < 1.

Spectral gap < Non-degenerate
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Introduction

If u has spectral gap, then:
(i) 3¢ > 0 such that for f € C(G),

/fd,u,*n :/fde + O(e="S(f)).
(i) 3¢ > 0 such that for f1, , € L?(G),
[(n™" s fi, o) = (A, 1)(L, f2)| < e "l[Al2]|fa]]2-
(iii) From (ii), it follows for e > 0,

M*H(Bg(e)) < 6dimG _|_e—cn_

(iv) dec1, ¢ > 0 such that
P (Bo-cin(e)) < e
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Introduction

Equally, if u has spectral gap,

sup " (Be—cin(H)) < e ", (1)
H<G

Definition

A measure satisfying (1) for some ¢, ¢z > 0 is called weakly
Diophantine.
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Introduction

*3
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Main Results

Theorem 1 (Bourgain-Gamburd 2011 for SU(d), Benoist-de Saxcé

2015)
Spectral gap < Weakly Diophantine

Theorem 2 (Bourgain-Gamburd 2011 for SU(d), Benoist-de Saxcé

2015)

Assume p is:

@ Finitely supported and non-degenerate.

o supp(n) C Mq(Q).
Then p is weakly Diophantine.
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Proof of Theorem 2

For simplicity, 1 = 2 (Jg; + 5g1_1 +dg, + 5g2_1). Then (Kesten)

§(e) < e, (1)
Assume gl,gfl,gg and g{l in GL4(C) have rational entries with
denominator < g. Then:

@ g1 has entries of denominator < g29.

o If wis a word of length n > 2 then the denominator of all the
entries of w(g1, &) is < (¢g%9)".

@ For oo > 1,
supp(u*") N Bg-an(e) = {e} (2)
e (1) + (2):

p(Beman(€)) = p"(e) < e
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Proof of Theorem 2

Let  be non-degenerate. Then Jc; > 0 such that for H < G,

M*n(H) < e—an.

Let 1 be finitely supported with supp(u) C My(Q). For n>> 1:
For each H < G there is H < H' < G such that

supp(p*") N Bo—an(H) C H'.

9/24



Proof of Theorem 1

Aim: Weakly Diophantine = Spectral Gap.

Bourgain-Gamburd method for expansion:
e Expansion condition: p*" flat for n > Clog|G]|.
To show condition, two steps:
(i) Non-concentration.
(ii) Flattening Lemma.

For compact groups, we need multiscale argument.
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Proof of Theorem 1

@ Denote
155 (e)

VO](B(;(G)) '
@ For measure v, denote vs = v * Psy.

W: 5(537 * g?.)

s wap

11/24



Proof of Theorem 1

Usually for § small,

]2 = 5= 4m(E).

Lemma (Spectral Gap Condition)

Let u be non-degenerate. Assume for § small enough,

%N _1
[1(e™)sll2 < 673

for n > Clog(%). Then p has a spectral gap.
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Proof of Theorem 1

o
1(G) = P dim(m)r.
reG
o
Ae()lizayll = sup [lw(p)l]-
meG\{1c}

e For non-degenerate p and 7 fixed, ||7(p)|| < 1.
e For G = SU(2) and f € L?(G),

118 = kllmi(F)I .

k>1
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Proof of Theorem 1

Lemma (Spectral Gap Condition)

Let i be non-degenerate. Assume for 6 small enough,

1
(sl < 675

for n > Clog(%). Then p has a spectral gap.

Proof for SU(2):

— * O, * ° l
5 2 oD 5 = 3 Kllme() € P () s
k>1

As ||mk(Ps) — Idk|| < ko, we can omit the term 7 (Ps) for
k ~ 671 Thus

HWk(M)H2C|og(%) < k—15—1/2 — 51/2.
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Proof of Theorem 1

o Initially: |[us[2 < 6= 4im¢C.

o Aim: ||u3"||2 < 6714 for n > Clog(3).

o Flattening Lemma: Under suitable assumptions

[ * psll2 < 0%|[us]|2-
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Proof of Theorem 1

Expansion for SLy(FF,) relies on:

Product Theorem (Helfgott)

Je > 0 such that for any A C G = SLy(F,) one of the following
holds:

(i) (Expansion) |AAA| > |A[**e.
(ii) (Close to G) |A| > |G|1—9),
(i) (Trapping) A C H for H < G.
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Proof of Theorem 1

Sum-Product Theorem (Erdos-Szemeredi 1983)

There is € > 0 such that for any finite A C R,

A+ A+ |A- A > |AME,

@ Aim: Generalize to arbitrary subsets of R.
o Idea: Consider A at scale 6.

@ Replace |A| by covering number N(A,?).
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Proof of Theorem 1

o Aim: N(A+ A,0) + N(A-A,d) >0°N(A,J).
@ Necessary: N(A,0) ~ 3577, i.e.

6778 < N(A, 8) < 6o+, (1)

e Counterexample: A = [0, s] for any s > 0.
@ Non-concentration on higher scales than §:

N(AN B(x, p), 8) < §5p" N(A, 5), (2)

forall x € Aand p > 4.

Discretized Sum-Product Theorem (Bourgain 2003)

For o € (0,1) there is € = (o) > 0 such that the following holds
for 6 small enough.
Let A C [0,1] and assume (1) and (2). Then

N(A+A,5)+ N(A- A, 68) > 5 °N(A,5).
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Proof of Theorem 1

Theorem (Bourgain 2003)

For 0 € (0,1) there is e = ¢(0) > 0. Let A C [0, 1] with
dimy(A) € [0 —e,0 4+ ¢€]. Then

max(dimy(A + A),dimy(A- A)) > dimy(A) + €.

Corollary (Erdos-Volkmann Ring conjecture, Edgar-Miller Theorem)

Let S C R be a Borel measurable subring. Then either
dimy(S) =0or S =R.
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Proof of Theorem 1

Discretized Product Theorem (BG 2011 for SU(d), De Saxcé 2015)

3U neighbourhood of the identity such that for any ¢ € (0,dim G)
there exists ¢ = (o) satisfying the following.
Let A C U be a subset with:

0 6 (778) < N(A,5) < §— (o),

@ Not concentrated on higher scales than §.
Then one of the following holds

(i) (Expansion) N(AAA,0) > 6 °N(A,J)

(ii) (Trapping) A C Bs=(H).
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Proof of Theorem 1

NALA,9) S NIAS)

‘O[ﬂ)

NIAATE 9
> SENA, Sy
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Proof of Theorem 1

Sketch of proof: Proof by contradiction.
(i) Assume A is not trapped and has small tripling.

(i) Thereis a € A€ such for C, the conjugacy class of a,

N(AS N Gy, 6) < 5 C°N(A,5)}

(iii) There exists a maximal torus T of G such that

N(AN T ™) 5) > 6C=N(A, ).

(iv) Growth inside the torus.

(v) Growth in all directions.
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Proof of Theorem 1

This concludes Weakly Diophantine = Spectral Gap:
(i) Product Theorem classifies approximate subgroups at scale .

(ii) Scaled Balog-Szemeredi-Gowers: Either convolution flat or
supported on translate of approximate subgroup.

(iii) Weak Diophantine property avoids trapping.
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Thank you!

24 /24



